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Abstract 

Rotation of polarization of light on transmission and reflection at materials with time-reversal 
breaking (Faraday and Kerr effects, respectively) have been studied for over a hundred years. We add 
to such phenomena by studying optical properties of magneto- chiral states which are loop currents 
with topological Hall effect. These break time-reversal and are chiral but the product of chirality 
and time-reversal is preserved. Qualitatively new features arise in reflection and transmission through 
such a state. This state is shown to be induced in underdoped cuprates given the observed magneto- 
electric loop-current order in cuprates and certain other specified condition. These results explain 
the observation of Kerr effects with unusual properties in the underdoped cuprates and help further 
confirm the nature of the symmetry breaking in underdoped cuprates. 



A very interesting experimental development in the novel physics in underdoped cuprates is 
the discovery of an unusual Kerr effect [T] in underdoped cuprates. Besides being the signature 
of time-reversal breaking in underdoped cuprates, the unusual part of the observation is that 
for a given sample and experimental conditions, the sign of the rotation of the polarization 
angle is the same on opposite surfaces of the sample, while in the usual Kerr effect the rotation 
angle must reverse. We will call this the Kapitulnik-Kerr (KK) effect. In BISCCO-2201 [2] and 
HgBa 2 Cu04 +( 5 j3], the temperature of onset of the effect T KK (x) is within the experimental 
uncertainty consistent with T*(x) deduced from other measurements, including time-reversal 
breaking observed by neutron scattering for the latter [JJ. The sensitivity of the experiment 
gives clear evidence of a phase transition even though the detected Kerr rotation corresponds to 
an effective magnetic moment which is less than 10~ 5 /iB/unit-cell. The smallness of this effect 
compared to the order deduced by the polarized neutron experiment (O(10 _1 )/is/unit-cell) 
suggests that the time-reversal breaking observed in KK is an effect induced by the principal 
order parameter detected by neutrons. In several underdoped samples of YBa 2 Cu 3 G+ s [3], 
Tkk{%) is consistently lower than T*(x) but the two head towards zero at the same x, the 
quantum-critical point. A Kerr effect [6] and (the symmetry equivalent) zero-field Nernst effect 
[7] are also observed in La2- x Ba z Cu04 below a specific temperature but deduction of T* is 
rather uncertain. 

The unusual phenomena in underdoped cuprates is a central aspect of the mystery of the high 
temperature superconducting cuprates. Increasing experimental evidence has been adduced 
which is consistent with the suggestion [8] that there is a transition to an unusual state at 
T*(x), below which all thermodynamic and transport properties change. The specific state 
suggested breaks time-reversal through orbital current loops within each unit-cell in a pattern 
that breaks inversion but preserves translational symmetry. Signatures consistent with such a 
state have been found in four different families of cuprates by polarized neutron scattering [JJ. 
In one of them the suggested dichroic Angle resolved photoemission (ARPES) experiments were 
also consistent with such an order. Recent ultrasound experiments pU] as well as magnetization 
measurements [llj give clear evidence of a thermodynamic phase transiton at T*(x). But as 
explained below, such a loop-current order itself cannot have a Kerr effect. 

Usually Kerr effect is due to ferromagnetic order. But sensitive magnetization measurements 
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[11] rule out onset of such moments to values greater than about 10~ 7 /iB/unit-cell. An inge- 
niuous proposal [12] using variants of the symmetry of the magneto-electric order parameter 
gives a Kerr effect without ferromagnetic order, but the specific symmetry elements required 
are not consistent with more recent neutron scattering results p3]. We present here an effect 
leading to the Kerr effect with the observed unusual features which is also not ferromagnetic 
and not in conflict with any data that we are aware of. On a close examination, one finds a 
mathematical similarity between the proposal of Ref . (IT2|) . (the similarity of the tensor S a ^ 
there and the tensor 7^ introduced below), if not a physical similarity. 

A Kerr rotation is equivalent to having a finite antisymmetric imaginary part of the dielectric 
function or equivalently off-diagonal or Hall conductivity a xy . Four loop-current states, in 
different point-group symmetry are possible [18] in the two-dimensional three orbital/unit-cell 
cuprate model without breaking translational symmetry. As first pointed out by Fradkin and 
Sun [15] and further elaborated [16], one of these possible loop-current states is a Haldane- 
type state with a finite Anomalous Hall effect, i.e. o xy 7^ in zero magnetic field or uniform 
magnetization [T7]. Such a state breaks time- reversal but breaks chirality rather than inversion 
as in the Magneto-electric state observed by neutrons. It preserves the product of time-reversal 
and chirality. We shall call such a state a Magneto- chiral state and show that it has the observed 
KK effect. We also show that for lattice distortions or potentials of a specific point group (or 
lower) symmetry, the Magneto-electric state consistent with observations in neutron scattering 
must necessarly induce the Magneto- chiral state. We suggest that the coincidence of T KK 
and T* is due to the fact that BISCCO-2201, La 2 _ rE Ba x Cu04 and HgBa 2 Cu0 4+( 5 have lattice 
distortions already present at T*{x) but that in Y ' Ba^Cu^O^s , they set in at a temperature 
below T*(x). This is consistent with recent experiments which show structural distortion at 
below about Tkk(x). 

The proposed magneto- electric loop current state in cuprates is described by the uniform 
order parameter (fl^) in each unit-cell, where 



The current loops in a unit-cell leading to the two orbital-magnetic moments L in each unit- 
cell are shown in Fig. ( [I]). Such a state breaks time- reversal and inversion and preserves only 
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FIG. 1: The magneto-electric Loop current pattern in underdoped cuprates 

one of the four reflection symmetries of the square lattice, that in the direction x' = 4=(x + y). 
(There also exists an equivalent possible state with fi y /; y' ■ x' = 0.) 

In the simplest mean-field approximation the effective kinetic energy of fermions in such a 
state has a Hamiltonian H(ME) = ^^H^ME) in the space of the three orbitals per unit-cell 
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with S x = sin(k x a/2 + L) and S y = sin(k y a/2 + L), etc. In this state the order parameter fl^r. 
As already discussed, such a state does not have an anomalous Hall effect [L3| ITr]] . This can 
be most easily seen from the fact that with a gauge transformation the Hamiltonian ^ can be 
put into a real form; the eigenstates can then also be written as a real vectors. Then the Berry 
phase and Berry curvature for any state k are exactly zero. 

As shown in (Tl8j) . the three orbital model for cuprates in fact gives five loop current states 



(one of which is unrealizable) in distinct point group symmetries all of which preserve transla- 
tional symmetry. In the mean-field approximation the Loop ordered states are deduced through 
expressing the nearest neighbor interactions H nn in the Cu-0 and the 0-0 bonds in terms of 
the five possible closed loops of currents in a cell. As derived in Eq. (D10) of Ref. ( fl8j) . the 
gauge-invariant and translation-preserving parts of the interactions 

H nn = ^ V p dn dyR (n x ^ R i + riy :R i) + V pp n X)R n y)R i (3) 

<R,-R'> 

can be written in terms of current loops: 

E("if) \M + l<VI 2 + l<Vl a + - Cf) l^-l 2 , (4) 

i 

In (|3]), < R, R' > denote the O nearest neighbors of a given Cu site as well as the O nearest 
neighbors of a given O site. In Q, i labels the unit-cells and the labels s, s, x', y' and x 2 — y 2 
give the representations of the point group symmetry of the Cu-0 lattice. All the five current 
loops fli >a are depicted in [19J Fig. (5) of Ref. (1T8]) : we have reproduced the current loop state 
n iyX , in Fig. Q. 

Consider the state with finite uniform (S\s). The current pattern for such a state is depicted 
in Fig. ^ . Such a state has a finite Hall effect in zero magnetic field (AHE) [TS1 HB] . The 
effective one-particle Hamiltonian for such a state is H(AHE) = H^AH E) is 
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with s x , y = sm.(k Xt ya) /2; c x>y = cos(k Xty a) /2. In Fig. the flux through the central square is 
oc r/t and that in the four surrounding triangles is cx —\rjt. 

Consider Qi tX > in a lattice which has the same broken inversion and reflection symmetries 
which are broken by Qi tX > in the "perfect" lattice. Let us specify such broken lattice symmetries 
by e x r. Then it follows that an invariant in the free-energy density of the form 

ae x > ■ n i>x >n i}S (6) 

is allowed. Therefore a state with (fig) ^ is mandated if (fl x ') ^ 0. Its magnitude is given 
by axAHEtx' ■ (^x')j where the (positive) free-energy of the AHE in the "perfect" lattice is 
{\/2 X ahe)W. 
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FIG. 2: The loop-current pattern of the Magneto-chiral or anomalous Hall effect state in Cuprates. 

We now show the microscopically how (f2 g ) is induced by by generalization to a 

distorted lattice of the procedure by which Q was obtained. Consider a Cu-0 lattice such 
that the effective inter-site potentials (and the transfer integrals) in the Cu-0 bonds and/or 
the 0-0 bonds have the point-group symmetry of a given domain of the magneto-electric state. 
This could happen with just the movement of the two O atoms within a unit-cell without 
the Cu changing their square lattice configuration or more complicated arrangements could be 
envisaged [20]. The simplest realization of the idea is if, for example, the top-right and the 
bottom- left Cu-0 and 0-0 bonds have different potentials V p d±SV^, Vpp±5V p X p. (In principle, 
we should also consider other changes consistent with this change of symmetry, or example, the 
change in the kinetic energy terms and the Cu-0 distances. The former does not add anything 
qualitatively new while the latter has no effect to leading order.) It is obvious that with such 
perturbations the five current loops of Eq. Q are not mutually orthogonal. Specifically, one 
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FIG. 3: Berry curvature as a function of filling for the conduction (and with a change of sign) of the 
valence band for indicated values of the effective flux coefficient r/t. The inset gives the Anomalous 
Hall coefficient deduced, a xy /(e 2 /h) for a conduction band filling of near 1/2, representative of the 
underdoped cuprates. 

generates to leading order the terms, 

^flgftff + fl^^ftyi J . (7) 

This means that if ground state already has ^ 0, a finite (f2§) must be generated due to 

the symmetry broken by SVJ^, so that there is an anomalous Hall effect. If the ground state 
already has (f2#) 7^ 0, a finite (f2$2_g2) is generated and there is no anomalous Hall effect. The 
situation changes correspondingly for a perturbation §V^ d ■ 

We now calculate the zero- field a xy for the Magneto-chiral state given by (J5]). For t'/t < 1, 
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the Chern number of the 3 bands are —1, and 1 from the bottom respectively and the Chern 
number is not sensitive to r/t for any full band. For partially filled conduction bands, we can 
integrate the Berry curvature up to the chemical potential. The resulting Chern number as a 
function of band-filling is shown in Fig. (|3| for t'/t = 0.1, r/t = 0.1 and r/t = 0.01. The point 
to note is that the Chern density in the (non-overlapping) valence and the conduction band 
are concentrated more and more sharply towards the top of the former and the bottom of the 
latter as r/t decreases. Therefore for a given filling of the conduction band the observable o xy 
(and its consequences), which sums over the contributions of the bands integrated up to the 
chemical potential [T7| decrease rapidly towards as r/t decreases. 

In the inset of the figure we show the deduced a xy / (e 2 / h) for a conduction band filling of near 
1/2, representative of the underdoped cuprates. The result that a xy oc r/t can be also be easily 
derived analytically, for a chemical potential not close to the edge of the bands, by expanding 
the wave-function in r/t and calculating the Chern integral and noting that the correction is of 
0(r/t) 3 . This fails near the edge of the band as for a full band the chern-number is independent 
of r/t. 

A finite a xy alone does not fully characterize the chirality breaking aspect of the optical 
properties of a magneto-chiral state. We now give a generalization of the case of light propaga- 
tion in a media characterized by a finite a xy alone treated by Landau, Lifshitz and Pitaevskii, 
[14] . The relation between the electric field E,i and the displacement Dj is given (Eq. (101.6) 
of Ref. dH by: 

Ei = r}' ik E k + i(D x G)j (8) 
where the dielectric function e ik = e' ik + ie" k , r\ = e _1 and 

g k specifies the axial vector describing the time-reversal breaking. Let us now generalize this 
result to obtain the response from states that break chirality, particularly of the kind discussed 
in the context of Cuprates and Quantum Anomalous Hall (i.e. Haldane states). In the Cuprates, 
the state shown in Fig. ^ describes a periodic flux pattern it is odd under time reversal 
and reflection about x, y, x + y and x — y but even under inversion. The optical activity tensor 
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in this case takes the form 

Gi-nAk) 9 ^ (10) 

where k is the wave-vector of propagation and 7^ is a totally anti-symmetric tensor. G is odd 
under time reversal and reflections but even under inversion. Thus 7^ should be even under 
time reversal but odd under inversion. The leading order term with such a symmetry may be 
written, jijk(k) = iHijkih, where tensor of rank 4. The gyrotropic vector is 

Gi = i^ijki-Q^-h (11) 

Note that if the modulation of the flux is at vector Q, we get Gi = —fiijki^jQkh- This vector 
is odd under reflections about x, y, x + y and x — y, satisfying all the symmetries of the chiral 
state. 

A straight-forward analysis of light propagation then goes through with Gi replacing Gi in 
the analysis given in Ref. (jlH-Sec.101). The rotation properties of the polarization remain the 
same in propagation in a given direction as in the opposite direction, as in the ordinary Kerr 
effect. This is unlike in reflection from a system which is chiral alone, where the sign of rotation 
reverses (21] ■ Moreover, the sign (and magnitude) of rotation of polarization is preserved on 
reflection from opposite surfaces, unlike in the usual Kerr effect. These new features are due to 
the fact that for a given uniform magneto-chiral order, changing the direction of propagation 
or surface has the additional effect due to k in Eq. ( jTT| beside the usual Kerr effect due to 
time-reversal alone. They are consistent with observations pp. 

In transparent media the magnitude of the usual Kerr effect is given by the change in angle 
per unit-length of propagation in the direction of the wave- vector with the wave- vector along the 
time-reversal axis (the direction of magnetization or magnetic field) 8kb is where n is the 
refractive index, and g may be taken to be the (dimensionless) time-reversal order parameter. 
For symmetry breaking as in Fig.(|5|, the order parameter may be specified by the product 
of chirality and time-reversal g; i.e. the magnitude of the order parameter of Fig.(|2]). Then 
the rotation angle is given by the same expression with g replacing g. For metals, as usual 
one specifies the rotation with the conductivity tensor replacing the dielectric tensor through 

_ 1 1 iiiraij 
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The a xy calculated in Fig.( [3j used in the usual expression for the rotation angle should 
then give a quantitative measure of the experimental rotation angle pQ in the cuprates. The 
measured KK rotation angle is of 0(1CT 6 ) radians, compared to 0(1) radian for, say Fe. It is 
hard to estimate the precise number to compare with experiments since many of the parameters, 
especially the lattice distortions, are not quantitatively known. We may however get such a 
number from Fig. ^ using that the principal order parameter measured by neutron scattering 
is of O(0.1)//B/triangle and if the distortion produces 5V v djV v d of O(10~ 4 ). 

This discussion of optical properties of magneto-chiral systems may well have more general 
applications than to the cuprates alone. Note in particular that all the Anomalous Hall states 
of the Haldane kind p2] are magneto-chiral, although to our knowledge this appears to be 
the first case of realization of such a state. Also any magneto-electric material with inversion 
symmetry breaking independently may be expected to have unusual optical properties related to 
those described here. Unusual optical properties may also be expected of topological insulators 
because they are both inversion breaking and chiral. 

To summarize this paper has (1) shown a new class of polarization phenomena in reflection 
and transmission of electromagnetic waves in magneto-chiral materials, (2) shown that with 
appropriate lattice symmetry breaking loop current states of the magneto-electric variety induce 
loop current states (Haldane or magneto-chiral states) which have anomalous Hall effects, a xy ^ 
for H = 0, (3) found that for (multiband) metals with chemical potential not too far from 
half-filling, the magntiude a xy /(e 2 /h) is expected to be very small, (4) shown that given the 
observation of the loop current state consistent with magneto-electric variety as the major order 
parameter in underdoped cuprates, the satellite order of the magneto-chiral kind explains the 
novel observations of Kapitulnik et al. 
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